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Backward differentiation formulas for Volterra integral equations of the
second kind

IT1 Numerical experiments
by

H.J.J. TE RIELE & P.J. VAN DER HOUWEN

ABSTRACT

In this report the results are given of numerical experiments with
backward differentiation formulas for linear and nonlinear Volterra integral
equations of the second kind. In order to start these (multistep) formulas,
a starting scheme is supplied, based on extrapolation of the trapezoidal
rule, combined with a block-~implicit Runge-Kutta scheme.

Convergence and stability tests are carried out and the efficiency is
compared with that of a block—implicit Runge-Kutta scheme of de Hoog and
Weiss. ‘

It turns out that the backward differentiation formulas are especially
suitable for problems where the kernel has a large Lipschitz constant with

respect to its last argument.

KEY WORDS & PHRASES: Volterra integral equations, backward differentiation
fornulas, block—implicit Runge—Kutta method.
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1. INTRODUCTION

In reference [5] backward differentiation formulas (abbreviated: BDFs)
are studied for the numerical solution of linear and nonlinear integral

equations of Volterra of the second kind

X
- > - -
(1.1) f(x) = g(x) + J K(x,y,f(y))dy, Xy S X <X,
> *0

where E and K are prescribed vector functions and g is the unknown vector
function. The BDFs are based on the well-known Curtiss-Hirschfelder formulas
for ordinary differential equations. When one uses a k-th order Curtiss-
Hirschfelder formula (k 2 2), a BDF is proved in [5] to have global error
of order k, provided that for the quadrature formula to be used one selects
a Gregory formula with k-2 correction terms. The BDFs are constructed in
such a way that the excellent stability properties of the Curtiss-—
Hirschfelder formulas are preserved. Moreover, in [5] stability properties
of the BDFs are investigated for a more general class of model equations
(viz., E = Z(y,;) + xH%, Z an arbitrary vector function, ﬁ an arbitrary
constant matrix ) than the usual one (ﬁ = J%, J an arbitrary constant
matrix) .

The purpose of this report is (i) to give a starting scheme for the
BDFs, which has a stability behaviour comparable with that of the BDFs
themselves, (ii) to give the results of numerical experiments in order to
test the convergence and stability properties, and (iii) to compare the
computational performance of the BDFs with a scheme with comparable proper-—
ties, viz., a block-implicit Runge-Kutta scheme of de Hoog and Weiss [4].
It turns out that for equations of the type (1.1) for which 3K/3f assumes
large negative values, the sixth order BDF is more efficient than a block-
implicit Runge-Kutta scheme of de Hoog and Weiss, which has a comparable

stability region, and (even) seventh order of convergence.



2. THE COMPUTATIONAL SCHEME

s w

2.1. The backward differentiation formulas

We give a short r&sumé of these formulas as gilven 1in [5]. Let X, =

denote reference points on the x-axis, h being the

x. + nh, n=0,1,2,...,

D - . - +
(fixed) integration step. Define the auxiliary function Fn by
*n
- - -
F_(x) = g(x) + '( K(x,y,£(y))dy, n=0,1,2,...
*0
Now for x < x £ X we write (1.1) as
n n+l
X
-> - > >
(2.1 f(x) = FH(X) + f K(X’Y9f(y))d}7’
X

n
i
S0 Fn may be considered as the "past" of the integral equation (1.1), since
-+ .
it only depends on f with arguments x ¢ [x.,x ], whereas the integral term
y P 0’*n

-
in (2.1) depends on f with arguments x e [xn,x 1.

n+l
Let k (= 2,3,4,5 or 6) be fixed and let b0 and al,az,...,ak be the
coefficients of the Curtiss-Hirschfelder formulas of order k for ordinary
differential equations. Then the backward differentation formula of order

k is given by

- > > ->
(2.2a) fn+1 = Fn+l(xn+1) + bOhK(Xn+l’xn+l’fn+1)
koo, N
+ Kzl 2l ioe T P Gop)]s mo= kelkGkel,L L,

-

- . - . +
where fn 1S & numerical approximation to the solution f of (1.1) in x = x_,
n

. - - . —+
and Fn(x) 1S a numerical approximation to F_(x) given by
n

9 e o .

=2 -> n -> -

(2-3) Fn(x) = g(x) + Z w -K(X,X.,f.), n= 0.1
1=0 nj J J ’
J

The ¥nj 8re the weights of a Gregory quadrature formula with k-2 correction

terms. They satisfy

wn+lj=wnj’ j=0’ls---,n"‘k.



Denoting the non-zero differences w .~w_. by Vw .» j = ntl-k,...,n,

o > n+lj nj n+lj
the quantities Fnﬁl(xn+l—£)’ £ =0,1,...,k, in (2.2a) are computed by

;' ( ) = : (x ) E (
X F + Vw_ . .K(x .>X.,f.)
+ - - -
n+l "n+1-£ n *n+1-L j=nt1-k n+lj n+l-377307500
(2.2.b) L=1,2,...,k,
> n+]
2 ; >
n+1(xn+l) g(x +1) * Z n+lJ +1’Xj’fj>°

2.2. A starting scheme based on extrapolation of the trapezoidal rule

In order to start scheme (2.2) we need, in addition to the initial
> > ->

>
vector fO’ the vectors fl’f2""’fk—]' These starting vectors should be
computed with an error of magnitude O(h ). We consider a starting formula
based on extrapolation of the trapezoidal formula

-> Dy >
(2.3) fn=g(x)+h L Rx 3 f)

j=0

As is well-known, extrapolation methods are particularly profitable when
the Taylor expansion of the error of the formula to be extrapolated, is a

series of even or odd powers of h. Therefore, we first investigate the

error expansion of formula (2.3).

+
THEOREM 2.1. Let fh(x) denote a sufficiently differentiable interpolating
- - ->
function through the vectors £om=0,1,... kI obtained by applying (2.3)
with step length h. Then, at each point x = nh and as h + 0, x > x, we have

X —>
£.G0 - £G0 = f B @y E ) G, 0) - £y + 00 6 - %Y
Sf
X
0

> .2 > 4 >_.6 > _8
+ azh + ahh + a6h + a8h + ...

where the sz are of order x - Xy a8 X 7 Xy, and bounded as h + 0.

PROOF. From the Taylor expansion of the trapezoidal quadrature rule it



follows that at the points x = nh (see e.g. [7, p.1531)

x
Co R =60+ | Koy Eo0ay + 3,007 ¢ 3, Emnt -
o > 7(5),6
+ as(fh )ho + ...,
where
+  7(2m-1) Bom [2(2m-1) >2m-1),_ ]
(2.5) G e M T (xg) |

m=1,2,3,...,

B, Dbeing the Bernoulli numbers (B, = 1/6, B, = -1/30,...). Here, it is

assumed that the interpolating function fh is sufficiently differentiable.

0 as x - xo. Rela-

tion (2.4) enables us to get insight into the Taylor expansion of the global

Notice that the functions azm(fh(x)) are of order x — x

error of the trapezoidal rule (2.3). From relation (2.4) it follows that

at the reference points x = nh

- - i > - > ->
(2.6) fh(X) - f(x) = J [K(X,y,fh(}’)) - K(x,y,f(y))ldy +
0
-> -
+ Zz(f}'l)hz + Za(fg') nt - 36('5}(15))1{16 + 00y,
hence,
' -+ BE > -> ->
(2.6") fh(X) - f(x) = J _E):f.; (X,Y,f(Y))(fh(Y) - £(y))dy +
X
0

+

-> > 9 5> > 2 ->
(x - xO)O([fh - £19) + uz(f}'l)h + KA(fg’)h[‘ +

Gy (£

+

)h6+ .

In order to find the order of magnitude of the term (x - XO)[¥h _%*]2 we
observe that expansion (2.6) yields the inequality



H;ﬁ(x)-;(x)ﬂ

IA

X
J L(x,y)"?h(y) -;(y)||dy + “gz(f;l)llhz + ..

%0

< (x—xO)L(x,}—c)Ufh()—{) -fx)I + ua’z(&l)uhz + ...
- -> ->
= (x-x)ILEx)[1 + 0(x-x)IE ) - £ +
+la (—f>')llh2 + Xx. <X <x
2 "h Tt 0 ?

- -
where L(x,y) 1is a Lipschitz constant for the function K(x,y,f) with respect
.

to the variable f. This inequality yields for sufficiently small values of

X - X

0
-> - - _1
“fh(x)-f(x)” <[1 - (x-—xO)L(x,x)(l + O(x-—xo))] .
+ 7, 2
IS, (EDI + .0,
5
Thus, by using the relation "az( h)“ = 0(x-x0) as X + X;, we find
-> - 2
2.7) "fh(x)-f(x)“ = 0(h (x-—xo)) as h > 0 and x ~ ;-

Substitution into (2.6') results in the following expansion of the error of

the trapezoidal formula (2.3):

N N T N S >
(2.8) fh(x) -f(x) = J — (x,y,f(y))(fh(y)—f(y))dy +
3, of
+ gz(gﬁ)hz ' 34&;;')11" + %0 -7 +
+ gé(f}(lS))h6 + e ad

Having derived the error expansion of formula (2.3) we are able to
determine the order of accuracy of the extrapolated formulas. Suppose that
we also apply formula (2.3) with step length h/2 and denote the correspond-

>

ing interpolating function by fh/z(x). From the theorem it then follows that



X .;

h/.e?.(X) f(x) + J a-E (XsY:f(Y))(fh/Z(Y) f(Y))dy +
%0
+ 13 (+ Y+ L (f"' y* + 0(h’)
4 2 h/2 16 4 h/2 ’

where we have used that in our case X=Xy = 0(h). Thus, we obtain

4= 1
(2.9) 55,00 -3 £ =
X
> 3K 4 > ~
f(x) + = (x,y,f(y)) 3 h/2(y) h(y) - f(y)1dy +
. Y:
S @y S EymE .
3 Loy ) — oy
sLr L Gy 2% Eymt o+ om)
307 %) T oty .

From (2.7) we conclude that

£ = 20+ (xmxp)0mD),
e e 2
fh(x) = £'(x)+0(h")

and similar relations for fh/Z(X)'

Hence, a first result deduced from (2.7) is that we have at least

..)-.

LE -1t -t +0ah

3 h/2 3 h '
Substitution of this result into (2.9) reveals that we even have
2.10 4 £ £ >
(2,100 FE L, -3 = £G) + 00).

Thus, we have derived a jifth order starting scheme which can be
written as follows (xO = 0):



-+ -+ oo o
f.(nh) = g(nh) + h )" K{nh,jh,f (jh)), n= 1,2,...,k=~1,
h L= h
J=0
n .
- ¢ (@ o zmhy 1 wgedr jho7ojh -
(2.11) £,/25) g(2>+2hjzo (G5 fypt50)s n=lh, 2061,

£ =2% L 1,2, ... k-1
n "3' h/2<nh) "'§ h(nh), n 9lyeecy .

This scheme yields the starting vectors within the required order of
accuracy provided that k € 5. Moreover, there is no danger for the develop-
ment of instabilities in the starting scheme since the trapezoidal rule
is known to be stable, under the condition, of course, that the implicit
equations are solved by a Newton type process.

For k = 6 we may either continue the extrapolation process or try to
improve the starting vectors by other methods. When the extrapolation

—>
method is used we may compute the vectors f (nh/4), n=1,2,...,4(k=-1),

h/4
and form the combinations

(2.12) %{—3— e (x)]—-—g—f (x)—~f(x)J X = nh,

h/2

n=1,2,...,k-1.

By (2.7) and (2.10) it is easily proved that this combination approximates
f(x) within O(hé). Just like scheme (2.11) there is no danger for insta-
bilities. The computational effort, however, is considerable. An alterna-

tive is the application of the corrector equatioms (cf. [l, p.9151)

> - -> -
f1 = g(h) + TZZ@ [475K 0¥ 14271{11 - 798K12 + 482K13
> -5
- 173K, + 27K15],
e - - - -
f2 = g(2h) + TZZG [448K + 20641(21 + 224K22 + 224K23
> -
- 961(24 + 16K25],
> > h . - - - -+
(2.13) £, =g(3n) + 1740 L4594, + 1971K,, + 1026K,, + 1026K,,

-+ -+
- 1891(34 + 27K35],



_h_ 2048K
+
g(4h) + T340 [448K40 + 20481(41 + 768K42 43

4
%
i =3 B [4758. + 1875K_, + 12508 + 1250K
£5 = 8(5h) * 155 50 51 52 53
> -
+ 1875K,, + 475Kg,],
where
- - >
K, = K(oh,ih,£,).

The solutions of these equations approximate g(xj) within O(h7). Hence, by
using a fifth order accurate initial guess such as provided by (2.11), and
by applying some iteration process (see section 2.3), we obtain sixth order
accuracy after one iteration and seventh order accuracy after two or more

iterations.

2.3. Implementation of the numerical schemes

We have programmed the BDFs (2.2) together with the starting schemes
(2.11) and (2.13) in ALGOL 68. For the present, we have restricted ourselves
to the scalar case of (1.1). Derivatives of the kernel K (when solving the

nonlinear equations with Newton-type methods) are always computed numeri-

cally with the formula
9K ~
3¢ (¥5¥,f) = 1000{K(x,y,£+0.001) - K(x,y,£)}.

In the schemes (2.2a) and (2.2b) the nonlinear equation in f +1 is solved
n

by the modified Newton-Raphson process with re-evaluation of
3K (x x f(J)) aft 10 1 i i i
3t FperrFner oy er every lteration steps. Iteration 1s stopped

. -12 .
when |correction term| < 10 1s reached. In the scheme (2.11) the non-

linear equation is solved by the (unmodified) Newton—-Raphson process, and

the iteration is stopped when |correction term| < 10“12 is reached.

The system of 5 nonlinear equations occurring in the scheme (2.13) is



solved by a so-called nonlinear Gauss-Seidel method [6]. We have avoided
Jacobi iteration, because it produces instabilities in the case of kernels
K with |3K/3f| large. We have avoided Newton iteration because it may be

very expensive on the case of systems of integral equatioms (I.1). Defining

(b )’ = 1’2’3’4’5’ by
1427 -798 482 -173 27
2064 224 224 -96 16
_ 1
B = 1775 | 1971 1026 1026 -189 271,
2048 768 2048 448 0
1875 1250 1250 1875 475

. _ -1
and an additional vector (bIO’bzo’b30’b40’b50) = 1440 (475,448,459,448,475),

one iteration step of the nonlinear Gauss-Siedel method is given by

(2.14) fi(c) = f].(_p) —(.){fip)~g(xi)-h[biOK(xi,xo,fO) +

s (c) (p)
+ ] by Kx,x ,£%) + Z b, K(x,,x_ fp)]}
r=1 r=1

1
. (1 - b. lh = (x X. f(P))> , i=1,2,3,4,5.

For the relaxation factor w we have selected the value w = 0.578 (see below
for explanation). The iteration is started with the O(hs) solution of the

(p) (p)’fgp),fip),

scheme (2.11) as predictor vector (f f§p)). Every sub-
sequent iteration step starts with a predictor which equals the corrector
from the previous iteration step. The iteration is stopped when
|maximum correction]| < 10—12.

The value of the relaxation factor w is determined as follows. Let
(f 3 4,f ) be the exact solution of the (scalar version of) scheme
(2 13), and let sic) Ec)-fi and s(p)'-f(p) fi' We assume that 8K/df is

slowly varying, so 3K/3f~RJ, Ja constant. Slnce the predictor of the first
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iteration of (2.14) is the O(h5) solution of the scheme (2.11) for k =6,

we may write

(c)J

(c)y ~ d
K(xi’xr’fr )y R K(xi,xr,fr) +oel . an

(2.15)

() ~ ()
K(Xi’xr’fr ) R K(Xi’xr’fr) + e, J.

Subtracting £. from the left and the right hand side of (2.14) and multiply-
i

ing with | - biih %% yields the error equation (writing z = hJ)

i—1 5
(c) _ ® _ @ _ " (e) _ (p)-
(l—biiz)eic = (1-b,,2)e; wleg Zrzlbirei zr};ibiri ]

i=1,2,3,4,5.

Writing B = L+D+U, where L is a lower triangular matrix, D is a diagonal
matrix and U is an upper triangular matrix, this error equation reads in

matrix notation

(T-2D-0z0)e®) = [(1-w)(I-2D) + wzule P,

(c) .
where ¢ = (e seeesE In order to in-

(c) (C))T () _ (Eip)

1 ,...,85 and €

crease the rate of convergence of the nonlinear Gauss-Seidel iteration pro-

(p)
5 )

cess, we have tried to find a value of w, such that the spectral radius p(-)

of the matrix
H(w,2) = (I-2zD-wzL) '[(1-w) (I~ 2D) + wzU]

is minimal. We have H(u0,0) = (1 -w)I, hence p(H(w,0)) = 1-w. Furthermore,
lim H(w,z) = (-D-wL) '[=(1 —w)D + CH].

Zr—x

The following table gives p(H(w,-=)) for w = 0(0.1)1.0.

%) ' 0 lO.lIO.Z|0.3|0.4|O.510.6'0.7\0.8|0.9|1.0

o) | 1 !0.944|0.872t0.778|0.66610.540|0.955'2.412‘4.216]6.598!9.741
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This suggests that p(H(w,-»)) is minimal for some value of € [0.5,0.61].
A more refined search shows that indeed p(H(w,-*)) is minimal for w = 0.5782,

with value 0.4694. The following table gives p(H(0.5782,z)) for various

values of z € (==,0].

N T T T YL T TR R

o (H) l 0.4694| 0.4694 10.4693 ‘0.4689 ‘0.4645 '0.4593 io.47o7 |o.4218

A more detailed search showed that certainly p(H(0.5782,z)) < %-for all

z € (-»,0]. Therefore, we have chosen w = 0.578 in (2.14), which guarantees
convergence of the nonlinear Gauss-Seidel process for all values of z =

hJ € (-»,0], provided, of course, that h is so small, that the extrapolation
scheme (2.11) yields a sufficiently close initial approximation to justify

the linearization (2.15).
3. THE IMPLICIT RUNGE-KUTTA METHOD OF DE HOOG AND WEISS

In section (4.4) we shall compare the efficiency of our sixth order
BDF with that of a block—implicit Runge-Kutta method of de Hoog and Weiss
([41) (which has comparable stability properties). The numerical scheme of

this method reads as follows:

n-1 s
C = . . . . +
(3.1) fnj g(xnj) + h @Zo izl c51K(an’X£1’f£1)
S
LI ICIRNC LI
1=1
j=1,2,...,8; n=0,1,2,...
Here x . = x_+u.h, where uj, j=1,2,...,s, are s fixed numbers satisfying
n; n j ) )

0 < u, < u, < ... <u = 1; fnj is the numerical approximation to f(xnj)

and

u
c.., = f L. (t)dt, Jo1 = 1,2,...,58,
ji i

0
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where Li(t) is the Lagrange polynoom n§=l,j#i (t - uj)/(ui-uj). For n =
0,1,2,... (3.1) is a system of s (nonlinear) equations in fnl""’fns°
De Hoog and Weiss solve these with Newton iteratiom.

For our comparison scheme we have chosen s = 4, where Up5Uysug and u
are the so-~called Radau points, viz., u, = 0.08858795951270,
u, = 0.40946686444074, uy = 0.78765946176085 and v, = 1.0. According to

de Hoog and Weiss this scheme has global order of convergence O(h7), and it

4

is stiffly A-stable.
4. NUMERICAL EXPERIMENTS

In this section we shall describe the results of numerical experiments,
in order to test the convergence and stability results of the BDFs proved
in [5] and in order to compare the performance of the sixth order BDF with
that of the scheme of de Hoog and Weiss, described in section 3. We shall
measure the accuracy (ACC) of a given method for a given test problem for a
given stepsize h by the minimum number of correct significant digits (in

absolute sense) in the computed solution, i.e.,

ACC = m%n{—lologlf(xi)-fil}.
i
When we compare two methods (cf. section 4.3) we shall also measure the
computational effort (CEF) by the lO1og of the total number of K-evaluations
needed to complete the computation of f(xe), including those for the num-
erical computation of 93K/3f, i.e.,

CEF = 10log(#K—evaluations).

All calculations have been carried out on a CDC Cyber 73/173-28 computer,

using 14 significant digits.

4.1. Convergence tests

In [5] we proved that the BDF given in the scheme (2.2) has global

order of convergence O(hk), as h >~ 0, provided that for the quadrature



weights in (2.3) ome chooses a Gregory formula with k-2 correction terms.

We shall test this result with two linear problems and one nonlinear prob—

lem.

Problem 4.1.

Table 4.2. ACC for problem 4.2.

X
f(x) =1+ x - cos(x) - J cos(x - y)f(y)dy, 0<x <2,
0

with exact solution f(x) = x. The results are given in table 4.1.

h k =2 k =3 k =4 k=5 k =6

1/4 2.0 2.5 3.5 4.0 5.3

1/8 2.5 3.5 4.5 5.5 6.6

1/16 3.1 4.4 5.7 7.0 8.3

1/32 3.6 5.3 6.9 8.6 10.1

1/64 4.2 6.2 8.1 10.1 11.9

" Table 4.1, ACC for pvoblem 4.1.
Problem 4.2. (Renewal equation from FELLER [2])
x
£(x) = 3 xe ¥+ 1 J x-v)2e FVegyay, 0s<x <2,
0

with exact solution f(x) = %-% e—BX/Z{cos(%-x V3) + V3 sin(% x V3)}. The
results are given in table 4.2.

h k =2 k =3 k =4 k=5 k =6

1/4 2.0 2.3 2.9 3.8

1/8 3.3 4.3 .7 5.5

1/16 4.2 5.6 .2 7.2

1/32 5.1 6.9 7.7 9.0

1/64 . 6.0 8.1 9.2 10.7
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Problem 4.3.

f(x) = (sinmx+e

X
xy1/5 L;gg%(_“}_)_ +1-e X+ J (£ (y))°dy,
0

0 <x< 2,

with exact solution £(x) = (sin ﬂxi'e—x)l/s- The results are given in table
4.3,

h k=2 | k=3 k=4 | k=5 k=6

1/4 1.3 1.6 1.8 2.0 2.6

1/8 1.9 2.4 2.9 3.4 3.9

1/16 2.5 3.3 4.1 4.8 5.6

1/32 3.1 4.1 5.3 6.3 7.5

1/64 3.7 5.0 6.6 7.8 9.3

Table 4.3. ACC for problem 4.3.
Remark. Both for the linear problems and for the nonlinear problem, the
numerical results confirm that the global order of convergence of the BDFs

is O(hk), as h - 0.

4.2. Stability tests

In [5] we have given a local stability theory for kermels K of the form
K(x,y,f) = A(y,f) + xHEf,

where A is an arbitrary function of y and f, and H is an arbitrary constant.

We have displayed there the regions in the (z,u)-plane, z = h-g%(x w1251
_ 2 A%k e
fn+l)’ u=nh §§SE(XH+1,XH+1,fn+l), where the amplification matrix of the

variational equation has spectral radius <I. We shall test these results

with one linear and one nonlinear problem.

Problem 4.4. (cf. WOLKENFELT [8]).



15

x
f(x) = 50x-+%~— 49sin(x) - %vcos(x) + J {50(y - x) - %}f(y)dy,
0

0 <x <10,
with exact solution £(x) = sin(x). For this problem we have z =-%~h and

u = —50h2. In table 4.4a we indicate by S and I, respectively, whether or

not the point (z,u) belongs to the stability region, as given .in [5].

h k=2 |k=3|k=4|k=5]|k=6
1/2 S S I 1 I
1/4 S I I 1 1
1/8 S 1 I S S
1/16 S S S S S
1/32 S S S S S

Table 4.4a. Theoretical stability behaviour of

the BDFs with respect to problem 4.4.

In table 4.4b we give the numerical results.

h k=2 |k=3]|k=4{k=5]|k=6
1/2 0.3 -0.6 -2.2 * *
1/4 1.2 1.1 -1.1 -2.7 *
1/8 1.6 1.8 3.1 4.7
1/16 2.1 4.2 4.3 7.0
1/32 2.6 5.6 5.7 8.9

Table 4.4b. ACC for problem 4.4

lemark . In the cases k = 5 and k = 6 the step h = %-was too large, so that
the Newton process for the computation of f4 in (2.11) did not converge. In
the case k = 6, h = %—, the Newton process for the solution of (2.11) did
converge, but now the nonlinear Gauss-Seidel process for the solution of

(2.13) did not. When switching off the starting procedure in these three
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numeri u rly show
cases, and using exact starting values, the erical results clearly showed
k]

an unstable behaviour. Therefore, we conclude that the linear stability

theory is confirmed by the numerical results.
Problem 4.5.

X
£
f(x) = —15x + l7(ex-l) + J [16(y-x) ~-1]e (y)dy, 0 <x <10,
0

with exact solution £(x) = x. For this nonlinear problem we have u = 16hz.
Using the stability regions as given in [5] we have constructed the following

tentative S/I-table (assuming that the linear stability theory remains valid

for this nonlinear problem):

h k=2 |k=3|k=4]k=5]1k=6
1/2 S I I I I
1/4 S S I I I
1/8 S S S S/1 I
1/16 S S S S S
1/32 S S S S ]

Table 4.5. Tentative stability behaviour of the

BDFs with respect to problem 4.5.

The numerical results are given in table 4.5b

h k=2 1k=31k=4|k=5]|%k=6
1/2 0.7 0.5 0.3 * *
1/4 1.2 1.9 2.4 2.5 *
1/8 1.7 2.6 3.9 4.1 4.4
1/16 2.3 3.5 5.0 5.3 7.4
1/32 2.9 4.4 6.1 6.7 9.2

Table 4.5b. ACC for problem 4.5.

Remark. Again, in the three cases k = 5,6, h = h was
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too large, so that the starting procedure did not converge. When leaving
out the starting procedure, again an unstable behaviour of the numerical
results was noticed. Hence, we conclude that the linear stability theory

correctly predicts the stability behaviour of the BDFs, when applied to the

nonlinear problem 4.5.

4.3, Comparison with the method of de Hoog and Weiss.

In this section we compare the highest order BDF (i.e. the one with
k = 6) with a block-implicit Runge-Kutta method of de Hoog and Weiss with
four Radau points, as given in section 3. In order to make this comparison
as fair as possible, we give accuracy/efficiency plots of both numerical
schemes . For a number of different values of h the quantities ACC and CEF
(defined in the introduction of this section) are set out graphically and
connected by a drawn line for the BDF and by a dotted line for the scheme
of de Hoog and Weiss. When measuring CEF for the scheme of de Hoog and
Weiss, we have neglected the amount of work necessary to solve the four

linear equations in every Newton iteration step for the solution of (3.1).
Problem 4.6.
X
f(x) = sin(x) + A(1 = cos(x)) - A J f(y)dy, 0 < x <10,
0
A =1, 10, 100, 1000,
with exact solution f(x) = sin(x). For the four different values of A the
results of the sixth order BDF are almost the same, i.e., the accuracy/

efficiency plot of this scheme, when applied to problem 4.6, is hardly

affected by the value of A. The results are given in table 4.6a.

h CEF ACC(all A)
1/4 3.47 4.5
1/8 3.83 6.3
1/16 4.27 8.1
1/32 4,80 9.9

Table 4 .6a. CEF —ACC values for the sixth order BDF, applied to problem 4.6.
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The results of the scheme of de Hoog and Weiss, however, depend very strong-

ly on the value of X, as can be seen from table 4.6b.

h CEF ACC

x=1 A=10 A =100 1 = 1000
1 3.08 6.1 3.7 3.1 3.0
1/2 3.60 8.2 5.4 4.4 4.2
1/4 4.16 10.3 7.3 5.7 5.5
1/8 4.74 12.4 9.3 7.2 6.7

Tsble 4.6b. CEF — ACC values for the scheme of de Hoog
and Weiss with four Radau points, applied to

problem 4.6.

In figure 4.6 we have combined the results of tables 4.6a and 4.6b in an

accuracy/efficiency plot.

CEF
A
5 b
~ \ X
///
4
il
/77
3 L ¥ <
1 1 L ACC
2 4 6 8 TR

Figure 4.6. Accuracy/efficiency plots of the sixth order BDF (drawn lines)
and the scheme of de Hoog and Weiss with four Radau points

(dotted lines), both applied to problem 4.6.

R . i indi
emarks. Table 4.6b and figure 4.6 indicate that the order of convergence

of th .
e scheme of de Hoog and Weiss decreases from the expected value O(h7)

in the = 4 .
case A=1 to about O(h’) in the case ) = 1000, and that, consequent-

ly, at le .
y ast for A>10 the sixth order BDF is more efficient than the scheme

of de H ;
e Hoog and Weiss. The decrease in order of the scheme of de Hoog
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and Weiss may be explained by the fact that the error "constant” in the
expansion of the error satisfies a linear Volterra integral equation of the
second kind, with kernel 3K/3f (cf. [4], theorem 4.1). So when A = -3K/3f

increases, one has to decrease the step h in order to preserve the order of

convergence.

Problem 4.7.
1

£(x) = {1 + (1+x)e 10%32 —l%(l+x){10 log(l+x) + 1 - e 0%}
T2
- A(1+x) f 1+§ dy, 0<x<10, A-=1,10,100,
0
with exact solution f(x) = {1 + (1+x)exp(~10x)}]/2. The case X = 10 is

treated by de Hoog and Weiss in [4], as an example for which variable step
size is suitable (because of the relatively large derivative of the solution
f(x) near x = 0). Since our BDF only uses fZxed step size, we shall only
compare the two schemes with fixed step size h.

The results are displayed in figure 4.7. They were obtained for the
BDF with step sizes h = 1/4,1/8,1/16,1/32, and for the scheme of de Hoog
and Weiss with step sizes h = 1,1/2,1/4 and 1/8.

5 L
NCEF

3 ACC

Y

Figure 4.7. Accurracy/efficiency plots of the sixth order BDF (drawn lines)
and the scheme of de Hoog and Weiss with four Radau points

(dotted lines), both applied to problem 4.7.
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Remarks . Again, the strong dependency of the efficiency of the scheme of

de Hoog and Weiss on A is obvious. For A =
the BDF, whereas for A = 100 we observe the

1 the scheme of de Hoog and

Weiss is more efficient then

opposite behaviour.

5. CONCLUDING REMARKS

The results of the numerical experiments with backward differentiation
formulas for Volterra integral equations of the second kind (including the
starting schemes (2.11) and (2.13)) support the convergence and stability
theory, as given in [5]. Moreover, comparison of our formulas with a scheme
of de Hoog and Weiss (which has comparable stability properties) shows that
for scalar equations with a kernel K for which |9K/3f| is large, the sixth
order BDF is more efficient than the scheme of de Hoog and Weiss. Although
we have not yet implemented and tested our formulas for vector equations, it
is to be expected that the sixth order BDF is also more efficient for this
type of equations, since the BDF-scheme (2.2) and the starting schemes
(2.11) and (2.13) are only implicit in the unknown vector value ;n+]’ where-
as the scheme (3.1) of de Hoog and Weiss is implicit in a block of s un-—
known vector values g ; ,...,_E

nl’ " n2 ns
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